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Lecture 1
What is this course about?

• Commutative Algebra

• Category Theory (homological algebra)

• Possible Applications

The first new thing we’ll encounter is the notion of "modules."
Question: What is a module? In linear algebra we have studied vector spaces. If k is a field,
then a k-vector space V can be expressed as V ≃ kI . Note that to do this we need to pick a
basis of V.
How do we think about a k-vector space "intrinsically"? (without needing to pick a basis).
Roughly speaking:

• A k-vector space V is an abelian group V with an action of K on V : K × V → V
satisfying certain distributive properties.

• Modules are analogous to vector spaces when instead of a field k we have a commutative
ring A.

Examples:

• A = k a field. Then {A-modules} = {k-vector spaces}

• A = Z,M = pZ with Z×M →M via (m, ap) 7→ ma · p.

Highlights of this Course

Noetherian Modules

They are going to be described in detail later. Now we think of Noetherian modules using the
following anology: Insert picture However the structure of Noetherian A-modules is much
more complicated than finite dimensional k-vector spaces.
Example:
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• It is clear that for a finite dimensional k-vector space V, a sub k-vector space W ⊂ V
is also finite dimensional.

• Take A = k[x1, x2, ..., x] then the ideal I = (x1, x2, ...) ⊆ A is not "finitely generated"
over A.

Remark: We will prove the Hilbert Basis Theorem which tells us that if we have only finitely
many variables A[x1, x2, ..., xn] then we’re good.

Hidden Algebraic Geometry

Algebraic geometry is the study of spaces given by zeros of polynomial equations. Its con-
nection to commutative algebra is two-fold:

• Commutative algebra is the standard tool for treating algebraic geometry.

• Algebraic geometry provides many interesting examples in commutative algebra.

Question: How to produce interesting examples of commutative rings?

a) From algebra and arithmetic: Q,R,Z,Z[
√
−3],Z[x],Fp, ...

b) From Geometry!

Take X to be a topological space/smooth manifold/complex manifold/algebraic variety then
Γ(x) = continuous/ C∞/holomorphic/algebraic functions on X. Usually Γ(x) is an interest-
ing example of a commutative ring.
Moreover (modern point of view in AG) we can know a lot about X by studying the ring of
functions on X.

Theorem 1

Let A be a Noetherian commutative ring and M be a finitely generated A-module. M
is a projective A-module if and only if M is locally free.
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Lecture 2
Important: In this course we only consider (unital) commutative rings!
A commutative ring denoted by A is a set with binary operations + : A × A → A and
· : A× A→ A such that

i) A is an abelian group with respect to "+"

ii) · is commutative, ab = ba; associative, (ab) ·c = a ·(bc); distributive, (a+b) ·c = ac+bc.

• a ∈ A is a unit if it has an inverse under "·"

• a field is a commutative ring where every nonzero element is a unit.

Examples of fields:
Q,R,C,Fp,Q[

√
2]

Examples of commutative rings (that are not fields):

Z,Z[
√
2,
√
3],Z[x, y, z]

Products, Subrings, and Homomorphisms

Lecture 4

Modules

Throughout, let A be a (unital, commutative) ring as before.
An A-module is an abelian group M with a map A×M →M such that ∀a, b ∈ A, ∀m,n ∈
M we have:
Associativity: (ab)m = a(bm)
Distributivity: (a+ b)m = am+ bm, a(m+ n) = am+ an
Identity element: 1 ·m = m ∈M
Examples:

• If A = K is a field then K-modules are K-vector spaces.

• If A = Z then Z-modules are abelian groups.

Question:If A = k[x] is a polynomial ring over a field k, what are A−modules?
Answer: A k[x]-module is a k-vector space + a k-linear operator γ : V → V.

Lemma

Let φ : A → B be a ring homomorphism. A B-module is naturally an A-module
induced by φ.
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Proof. If M is a B-module, then M is abelian and we have an action ∗ : B ×M →M such
that

(ab) ∗m = a ∗ (b ∗m)
(a+ b) ∗m = a ∗m+ b ∗m
a ∗ (m+ n) = a ∗m+ a ∗ n

1 ∗m = m

Define an action ⋆ : A×M →M such that a ⋆ m = φ(a) ∗m then we have

(ab) ⋆ m = φ(ab) ∗m = φ(a)φ(b) ∗m = φ(a) ∗ (b ⋆ m) = a ⋆ (b ⋆ m)

and similarly by using properties of homomorphisms and the definition of the action ⋆ we
get the other properties.

Corollary

There is a natural bijection between

{k[x]-modules} ←→ {k-vector spaces + linear operator}

Proof. The main idea is the following (taken from https://tinyurl.com/3fz67x4k) If V is a
k-vector space and γ : V → V is a linear operator we can define a k[x]-module structure via:
x ∗ v = γ(v).

Lecture 5
Question: What are k[x]/(x2)-modules?

Lemma

Let A be a ring and I ⊂ A an ideal. An A/I-module is an A-module such that I acts
by 0.

Proof. Let M be an A/I-module. Using the previous lemma we can view M as an A modula
where a ∗m = π(a)m where π : A→ A/I is the projection map. Hence it is clear that t ∈ I
will act by 0 as π(t) = 0 + I.
On the other hand if M is an A-module and I acts by 0 we can define an action such that
(a+ I) ∗m = am.

Remark: Using the lemma we have that a k[x]/(x2)-module is a k[x] module such that x2
acts by 0 thus it is a k-vector space V with a linear operator γ : V → V such that γ2 = 0.
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Homomorphisms of Modules

Let M,N be A-modules. A homomorphism (of A-modules) f :M → N is:

• An abelian group homomorphism: f(m1 +m2) = f(m1) + f(m2) ∀m1,m2 ∈M

• A-linear: f(am) = af(m) ∀a ∈ A, ∀m ∈M
We denote by HomA(M,N) the set of all (A-linear) homomorphisms from M to N.

Lemma

HomA(M,N) has a natural A-module structure.

Proof. Everything works as you would expect it to.
Addition: f, f ′ ∈ HomA(M,N) then f + f ′ : M → N can be defined so that m 7→ f(m) +
f ′(m).
Multiplication: [f :M → N ] ∈ HomA(M,N) such that af :M → N is taken asm 7→ af(m).
We can check that these definitions satisfy the conditions.

Examples:

• A = k, a field then Homk(k
n, km) ≃ knm (the k-vector space given by n×m matrices)

Proposition

For any A-module, the A-module HomA(A,M) is isomorphic to M.

Proof. Define Φ : HomA(A,M) → M such that Φ(f) = f(1). We claim that Φ is an
isomorphism. It’s easy to show that it is a homomorphism. Assume Φ(f) = Φ(g) then
f(1) = g(1)⇒ af(1) = ag(1)⇒ f(a) = g(a). So Φ is injective.
To show surjectivity consider Φ(f) where f : A→M sends a→ am therefore Φ(f) = m.

Some Constructions with Modules

• Direct sum, direct product

• submodules and quotient modules

Given a set I and A-modules Mi for ∀i ∈ I we can construct the direct sum of Mi⊕
i∈I

Mi := {(mi)i∈I |mi ∈Mi and only finitely many mi ̸= 0}

We can also construct the direct product of Mi∏
i∈I

Mi = {(mi)i∈I |mi ∈ I}.

Note:
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• We always have ⊕
i∈I

Mi ↪→
∏
i∈I

Mi

• When I is finite, these two A-modules are the same.

• For an A-module M we will introduce submodules and quotient modules.

A submodule of an A-module M is an abelian subgroup N ⊂M closed under the A-action,
that is, an ∈ N ⊂M.
Examples:

(1) A viewed as a standard A-module then submodule of A = ideal of A.

(2) For a homomorphism φ : M → N of A-modules kerφ and Imφ are submodules of M
and N , respectively.

Lecture 6
More examples of submodules:

(1) For any ideal I ⊂ A and submodule N ⊂M we can construct

IN := {
s∑
i=1

aini|ai ∈ I, ni ∈ N, s ∈ N}.

This is a submodule of M .

(2) M1,M2 ⊂ M are submodules ⇒ M1 ∩M2 and M1 +M2 = {m1 +m2|m1 ∈ M1, m2 ∈
M2}

If N ⊂M is a submodule (over the ring A, as usual) a quotient module is M/N := {m+
N |m ∈ M} as an abelian group and π : M → M/N with m 7→ m +N is a homomorphism
of abelian groups.

Proposition

(a) M/N is naturally an A-module: A×M/N →M/N via (a,m+N) 7→ am+N.

(b) (Universal Property) Let f : M → M ′ be any homomorphism between modules
such that N ⊂ ker(f) then there exists a unique homomorphism g :M/N →M ′

with f = g ◦ π.

The universal property is summarized by the following diagram
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M M ′

M/N

f(N)=0

π ∃!g

Examples:

• I ⊂ A is an ideal, M is an A-module, then since IM ⊂ M is a submodule we can
consider the A-quotient module M/IM. We claim that M/IM is an (A/I)-module
induced by the A-module structure.

• As a special case: A-ring, m-maximal ideal (⇒ k = A/m is a vector space). Then
for any A-module M, we obtain an A/m-module M/mM. Equivalently, M/mM is a
k-vector space.

This is a technique where we can reduce the study of modules to the study of vector spaces.
This is very useful in algebraic geometry!

Isomorphisms

• For f :M → N an A-module homomorphism

M/ker f ≃ Im(f)

• K ⊂ N ⊂M submodules, we have

M/K/N/K ≃M/N

• M1,M2 ⊂M submodules, we have

M1/M1 ∩M2 ≃ (M1 +M2)/M2

• N ⊂M submodule ⇝ Quotient module M/N. There are bijections between

{Submodules of M/N} 1:1←→ { Submodules of M that contain N}

Finitely Generated Modules

We will consider 4 classes of modules with "finiteness" conditions.

• Finitely generated modules

• Finitely generated free modules

• Noetherian modules
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• Artinian modules

• For some set I, we say that a collection of elements mi ∈ M(i ∈ I) are generators if
M = {

∑
i∈K⊂I

aimi|K a finite subset ai ∈ A}.

This says precisely that any element of M is an A-linear combination of finite number
of mi’s.

• M is finitely generated if M is generated if M is generated by finitely many elements.

Lemma

M is finitely generated ⇐⇒ M is a quotient module of A⊕k for some k ∈ N.

Proof.
"⇒"
Suppose M is finitely generated. Therefore we have a set {m1,m2, ...,mn} are generators

of M. Consider the surjection φ : A⊕n ↠ M via (a1, a2, ..., an) 7→
n∑
i=1

aimi. So we have

A⊕n/kerφ ≃M thus M is a quotient module of A⊕.
"⇐"
Assume we have φ : A⊕k → M surjective, then we know that mi := φ(0, 0, ..., 0, 1

i−th
, 0, ...)

form generators.

Free Modules

• mi ∈ M (i ∈ I) form a basis of M if ∀m ∈ M can uniquely be written as a finite
A-linear combination of mi’s.

• M is called free, if it has a basis.

Examples:

• A = Z,M = Z⊕5⊕Z/2Z⊕Z/4Z⊕Z/3Z. Calculate M/mM when m = (2), (3), (5), ...

◦ M/(2)M ≃ F⊕5
2 ⊕ 1⊕ F2 ⊕ F3.

◦ M/(3)M ≃ F⊕5
3 ⊕ 1⊕ 1⊕ F3.

• (2) ⊂ Z is a free Z-module while (2, x) ⊂ Z[x] is not free. We clearly have that
m1 = 2 and m2 = x form generators of (2, x). However they do not form a basis as
2x = x ·m1 = 2m2.
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Lecture 7
Proposition

Every free module is isomorphic to A⊕I (I is some set).

Proof.

(1) Claim: A⊕I is free. Choose ei = (0, 0, ..., 0, 1
i−th

, 0, ..., 0) then they form a basis of A⊕I .

(2) Assume M is free. Then it has some basis mi i ∈ I. So we construct φ : A⊕I → M
such that ei 7→ mi which is injective (by uniqueness) and surjective (because {mi} is a
basis).

Remark: While thre proof above seems to implicitly assume that I is countable, this is not
the case. You can define basis vectors without the list notation.
Remark: Classifying finitely generated modules is very hard in general!

Proposition

If M ≃ A⊕k, k ∈ N then every basis of M has k elements.

Proof. Suppose that A⊕k ≃ A⊕k′ . We need to show that k = k′. Let m be a maximal ideal of
A, then A⊕k/mA⊕k ≃ A⊕k′/mA⊕k′ (draw a diagram to see this). Using that A⊕k/mA⊕k ≃
(A/m)⊕k we have that (A/m)⊕k ≃ (A/m)⊕k

′ as vector spaces. Therefore k = k′.

Noetherian Rings and Modules

• An A-module M is Noetherian if ∀ submodule of M is finitely generated.

• A is a Noetherian ring if it is Noetherian as a module over itself. Equivalently, every
ideal of A is finitely generated.

Examples (Noetherian rings):

• Fields are Noetherian.

• Z, k[x] are PID therefore Noetherian.

• k[x1, x2, ...] is not Noetherian.

• k[x1, ..., xn] is Noetherian.
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Ascending Chain Condition

We say that a module M satisfies the ascending chain condition (ACC) if for any collection
of submodules {Ni}i∈N : N1 ⊆ N2 ⊆ N3 ⊆ ... ⊆ M terminates. That is, ∃k > 0 such that
Nj = Nk ∀j > k.

Proposition

M is Noetherian if and only if M satisfies the ACC.

Proof.

Hilbert Basis Theorem
Theorem 2: Hilbert Basis Theorem

Let A be a Noetherian ring, then A[x] is Noetherian.

Proof. Next time!

Let’s look at some corollaries of the Hilbert basis theorem before proving it.

Corollary

If A is Noetherian, then A[x1, x2, ..., xk] is Noetherian.

Proof. Induction.

Corollary

If A is a Noetherian ring, then any quotient ring of A[x1, x2, ..., xn] is Noetherian. That
is, A[x1, x2, ..., xn]/I is Noetherian for any ideal I of A[x1, x2, ..., xn].

Proof. Any ideal J ⊂ A[x1, ..., xn]/I corresponds to an ideal J̃ ⊂ A[x1, ..., xn] that contains
I. Since J is Noetherian we have that it is finitely generated. Say g1, ..., gs are its generators
then we must have that π(g1), ..., π(gs) generate J.

Lecture 8
We finally prove the Hilbert Basis Theorem.
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Proof. Let I ⊂ A[x] be an ideal. We want to show that I is finitely generated. By way of
contradiction, assume it is not. We can construct a sequence of elements f1, f2, ... ∈ I as
follows:

• Choose f1 ∈ I with minimal possible degree.

• I is not finitely generated, therefore I \ (f1) ̸= 0. Hence we can choose f2 ∈ I \ (f1)
with minimal possible degree.

...

• After we’ve constructed f1, f2, ..., fk we know that I \ (f1, f2, ..., fk) ̸= 0. So we can
choose fk+1 ∈ I \ (f1, f2, ..., fk) with minimal degree.

This process inductively constructs f1, f2, ... ∈ A[x]. Now we shall look at the leading coeffi-
cients of fi :

fk = akx
nk + lower degree terms.

By construction, n1 ≤ n2 ≤ ... ≤ nk ≤ ... We set Ik = (a1, a2, ..., ak) ⊆ A. Thus we have
the ascending chain of ideals I1 ⊆ I2 ⊆ I3 ⊆ ... ⊆ A. Since A is Noetherian we have
that this chain terminates. Hence ∃m > 0 such that am+1 ∈ (a1, a2, ..., am). Therefore

am+1 =
m∑
i=1

biai (bi ∈ A).

Highlight: We consider

gm+1 := fm+1 −
m∑
i=1

bix
nm+1−nifi

= (am+1 −
m∑
i=1

biai)︸ ︷︷ ︸
=0

xnm+1 + lower degree terms.

Note that since f1, f2, ..., fm+1 ∈ I and g = fm+1−(linear combination of fi) we have that g ̸∈
(f1, f2, ..., fm). Further deg(g) < deg(fm+1) yet this contradicts the minimality assumption
of fm+1 hence completing the proof.

Noetherian Modules
Proposition

Let A be a ring, M is an A-module, N ⊂ M is a submodule. M is Noetherian if and
only if both N and M/N are Noetherian.

Proof. Pset 4
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Theorem 3

Let A be Noetherian. Any finitely generated A-module is Noetherian.

Proof. We first show that A⊕2 is a Noetherian A-module. Consider the inclusion A ↪→ A⊕2

via a 7→ (a, 0) whose quotient module is A⊕2/A ≃ A. By the proposition above since A
is Noetherian, A⊕2 is Noetherian. By induction, we have that A⊕k is Noetherian. By the
proposition in Lecture 6, a finitely generated module M is a quotient of some A⊕k. Hence
M is Noetherian.

Artinian Module

We have characterized the Noetherian condition by ACC. What happens for DCC?

• M is an A-module. A descending chain (DC) of submodules is M ⊃ N1 ⊃ N2 ⊃ ...

• We say that M satisfies the descending chain condition if any descending chain
terminates; that is, for a DC (Ni)i>0 there exists k > 0 such that Ni = Nk ∀i > k.

• M is an Artinian A-module if M satisfies the DCC.

Examples:

• A = k, M is Artinian if and only if it is finite dimensional.

• A = Z or k[x], then A is not an Artinian A-module!

Similar to the Noetherian case:

Proposition

A is a ring, M is an A-module, N ⊂ M is submodule. M is Artinian if and only if
N,M/N are Artinian.

Proof. Identical to the analog for the Noetherian case.

A ring A is Artinian if itself is an Artinian A-module.
Examples (Artinian rings):

• Any field is Artinian

• k is a field. We consider k[x1, x2, ..., xn]/I the quotient ring.
Claim: If dimk(k[x1, ..., xn]/I) <∞ then A = k[x1, ..., xn]/I is an Artinian ring

• Z is not an Artinian ring, but Z/nZ for all n > 0 is Artinian.
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Remark: We know that Noetherian module ̸⇒ Artinian module and Artinian module ̸⇒
Noetherian module. However, we have the following result:

Theorem 4

Every Artinian ring is a Noetherian ring.

Lecture 9

Noetherian and Artinian Modules

We will achieve a classification of modules that satisfy both ACC and DCC.
Let A be a ring and M an A-module.

• M is simple if {0} and M are the only two distinct sub-modules of M.

• A Jordan-Hölder (JH) filtration is a filtration of finitely many sub-modules: {0} =
M0 ⊊M1 ⊊ ... ⊊Mk =M such that Mi/Mi+1 is simple for all i.

Examples:

(1) A = k a field. A k-vector space is simple if and only if it is 1-dimensional.

(2) Z/pZ is a simple Z-module.

(3) Z/6Z as a Z-module admits JH filtrartions:

Z/6Z︸ ︷︷ ︸
M

⊃ 2Z/6Z︸ ︷︷ ︸
M1

⊃ {0}︸︷︷︸
M2

and
Z/6Z︸ ︷︷ ︸
M

⊃ 3Z/6Z︸ ︷︷ ︸
M ′

1

⊃ {0}︸︷︷︸
M ′

2

These are different filtrations but yield the same graded pieces. M/M1 ≃M ′
1/M

′
2 and

M1/M2 ≃M/M ′
1.

An A-module M is of finite length if it has a JH filtration.
Next, we classify Noetherian and Artinian Modules.

Theorem 5: Classification of Noetherian and Artinian Modules

Let M be an A-module. M is Noetherian and Artinian if and only if M has finite
length.

Proof. Coming soon.
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Finitely-Generated Modules over PID

We want to classify all finitely-generated modules over a PID A.
Recall:

• A ring A is called a PID if every ideal of A is of the form (a) with a ∈ A.

• PID ⇒ UFD

• In a PID every prime ideal is maximal.

• PID are Noetherian

Examples: Z, k[x], Euclidean domains, etc.

Theorem 6: Classification of Finitely-Generated Modules over PID

et M be a finitely-generated A-module with A a PID. Then

M ≃ A⊕k ⊕
l⊕

i=1

A/(pi)
di

for some k, l ∈ N0, primes p1, ..., pl, and d1, ..., dl ∈ N.
Moreover, k is uniquely determined by M and (pd11 ), ..., (pdll ) are uniquely determined
up to permutation.

Proof. Later.

Two Special Cases

Case 1: A = Z. This is exactly the classification of finitely-generated abelian groups.
Case 2: A = k[x] where k is algebraically closed. An A-module M is naturally a k-vector
space. Our result says that dimkM <∞⇒ Jordan Normal Form Theorem.

Lecture 10
Proving the classification theorem.

Lecture 11

Localizations

Question: What is a localization?
Answer: It is a construction where we allow to "invert" certain elements.
Let A be a ring as before. A multiplicatively closed subset (MC subset) of A is S ⊆ A
with
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• 1 ∈ S, 0 ̸∈ S.

• s, t ∈ S ⇒ st ∈ S.
Examples of MC subsets:

(1) S = {units of A}

(2) S = {nonzero elements of A}. S is MC if and only if A is an integral domain.

(3) S = {1, f, f 2, ...} is MC if f is not nilpotent.

(4) If p ⊂ A is a prime ideal then S = A \ p is MC.

Goal: Given A and S ⊂ A a MC subset, construct a new ring As where the elements of As
look like

a

s
(s ∈ S, a ∈ A).

Construction: As a set As = (A×S)/ ∼ where ∼ is given by: (a, s) ∼ (b, t) ⇐⇒ u(at−bs) =
0 in A for some u ∈ S \ {0}.
Remark: A naive way of constructing As is to only put (u, s) ∼ (b, t) ⇐⇒ at = bs. This
does not induce an equivalence relation generally. Suppose (b, t) ∼ (c, w) in addition to
(a, s) ∼ (b, t). We would hope that (a, s) ∼ (c, w) so we want at = bs and bw = ct implies
aw = cs however this follows in the case of integral domains but for all rings.
We use

a

s
to denote the equivalence class of (a, s) with binary operations

a

s
+
a′

s′
=
as′ + a′s

ss′
,
a

s
· a

′

s′
=
aa′

ss′
.

Proposition

The operations above are well-defined and As is a ring with the identity element
1

1
.

Proof. Boring.

We localize for the MC subsets discussed above.

(1) As = A since
a

s
∈ A as a ∈ A and s is a unit.

(2) A-integral domain, S = A \ {0} then As is a field. This is the field of fractions
encountered in Math 350.

(3) Write Af for the ring As in this case. Consider two examples:

– f = 5, A = Z, Af = {
m

5n
|n ∈ N0,m ∈ Z}

– f = x ∈ k[x], k[x]x = {
f(n)

xn
|n ∈ N0, f(x) ∈ k[x]}

(4) People usully write Ap for the localization ring As when S = A0\p. Example: Z, (5) = p

Z(5) = {
a

b
∈ Q | 5 ∤ b, a ∈ Z}
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Digression

If we consider A beyond the cases of PID the structure for A-modules is very complicated.
Here are some interesting constructions of A-modules from combinatorics. For any n ∈ N
we want to construct some interesting C[x, y]-modules M which are quotients of C[x, y] and
have dimCM = n.

Input: box configurations in a corner ⇝ Output: M.

For example for n = 5 we have a configuration as follows:

For n = 7 we have a construction like the following
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Lecture 12

Localization of Rings

Lemma

ι : A → As is a ring homomorphism. In particular, a 7→ a

1
. As is naturally an

A-module.

Proposition : Universal Property for As

Assume B is a ring with φ : A → B a ring homomorphism. If φ(s) is a unit for all
x ∈ S ⊆ A, then there exists a unique ring homomorphism φ′ : As → B such that

A B

As

φ

φ′
φ = φ′ ◦ ι

Proof. We construct φ′ as φ′(
a

s
) = φ(a)φ(s)−1 ∈ B.

Step 1: This is well-defined: (a, s) ∼ (b, t)⇒ φ(a)φ(s)−1 = φ(b)φ(t)−1.
Step 2: φ′ is a ring homomorphism.
Step 3: Assume φ′ is any homomorphism satisfying the assumptions. Since φ′ makes the
diagram commute we have φ′(

a

1
) = φ(a) ∀a ∈ A. In particular, for every s ∈ S

φ′(
s

1
) = φ(s)⇒ φ′(

1

s
) = φ(s)−1

Therefore φ′(
a

s
) = φ(a)φ(s)−1∀a ∈ A, s ∈ S. So φ′ has to be the one defined above.

Exercise: If A is an integral domain and S ⊂ A is an MC subset. As can be described as a
subring of Frac(A). More precisely, As = {

a

s
∈ Frac(A) | a ∈ A, s ∈ S}.

Proposition

A is a ring, f ∈ A is not nilpotent, then Af ≃ A[t]/(tf − 1).

Proof. We define a homomorphism φ : A → A[t]/(tf − 1) via a 7→ a + (tf − 1). It is clear
that φ(f)(t+(tf − 1)) = tf +(tf − 1) = 1 thus φ(f) is a unit which implies φ(fn) is a unit.
Using the universal property for As :
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A A[t]/(tf − 1)

Af

φ

φ′
⇝ φ′ : Af → A[t]/(tf − 1)

Now construct the inverse the inverse φ′′ : A[t]/(tf − 1)→ Af via φ̃′′ : A[t]→ Af that sends

g(t) to g(
1

f
) and the universal property. It remains to check that φ′′◦φ′ = id, φ′◦φ′′ = id.

Localization of Modules

If S ⊂ A is an MC subset and M is an A-module then Ms := (M × S) ∼ where (m, s) ∼
(n, t) ⇐⇒ ∃u : umt = uns
This notion is consistent to that of ring localizations.

Proposition

(S ⊂ A,M) induces the localization As and Ms.

• Ms has a natural As-module structure.

• The action is given by
a

s
× m

s
→ am

st
.

Remark:

• In particular Ms is an A-module via A ι→ As : a ·
m

s
=
am

s

• We have a natural homomorphism M
ιM→Ms via m 7→ m

1

Exercise: Prove that ker(ιM) = {m ∈M | ∃s ∈ S such that sm = 0}.

Localizations vs Submodules
Proposition

M ′ ⊂ M is a submodule over A and S ⊂ A is an MC subset. Then M ′
S is naturally

an AS submodule of MS.

Proof. We define the AS homomorphism M ′
S → MS via

m′

s
7→ m

s
. Check that this is well-

defined and injective. This essentially follows from the fact that equivalence relations for
M ′ × S are the restriction of equivalence relation for M × S.

18



Proposition

N ⊂M is a submodule. We have natural bijections

{As-submodules N ′ ⊂MS}
∼←→ {A-submodules N ⊂M : sm ∈ N, s ∈ S,m ∈M ⇒

m ∈ N}

Proof.

Corollary

If M is a Noetherian A-module, then MS is Noetherian AS-module.

Lecture 13

Localizations vs Homomorphisms

Proposition

Given ψ ∈ HomA(M,N)

(a) ψS : MS → NS via
m

s
→ ψ(m)

s
is well defined and As-linear (⇒ ψS ∈

HomAS
(MS, NS))

(b) ker(ψS) = (ker(ψ))S as an AS-submodule of MS and Im(ψS) = (Im(ψ))S as an
AS-submodule of NS.

Proof.

(a) Exercise

(b) Exercise

Corollary

M is an A-module and M ′ ⊂M is a submodule. Then (M/M ′)S
∼→MS/M

′
S.

Localization will be back!
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Some Potential Application

For A-modules P and Q, if P ⊕ Q ≃ A⊕k free. It can happen that P is not free! Such
modules are called "projective modules."

Theorem 7

Let M be a finitely-generated module over a Noetherian ring A. The following are
equivalent:

• M is projective.

• For any maximal ideal m ⊂ A, Mm is a free Am-module.

• there exist f1, f2, ..., fk ∈ A with (f1, ..., fk) = A and Mfi is a free Afi-module.

Categories and Functors

A category C consists of

• a collection of objects, Ob(C)

• a set of morphisms (aka "arrows"): ∀X, Y ∈ Ob(C)⇝ HomC(X, Y ).

• Composition maps: ∀X, Y, Z ∈ Ob(C),

HomC(X, Y )× HomC(Y, Z)→ HomC(X,Z)
(f,g)7−→g◦f

They satisfy the following axioms:

• (Associativity) Composition is associative (f◦g)◦h = f◦(g◦h), ∀f ∈ HomC(W,X), g ∈
HomC(X, Y ), h ∈ HomC(Y, Z).

• (Identity) ∀X ∈ Ob(C) there exists a distinguished element 1X ∈ HomC(X,X) such
that: f · 1X = f ∀f ∈ HomC(X, Y ) and 1X · g = g ∀g ∈ HomC(Z,X).

Examples:

(1) The category of sets:

– Ob = Sets

– Morphism = Maps of sets

– Composition = Composition of maps

– Identity = Identity 1X : X → X

(2) The category of groups:

– Ob = Groups
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– Morphism = Group Homomorphism

– Composition = Composition of Group Homomorphisms

– Identity = 1G : G→ G via g → g.

(3) Similarly, we can describe the category of rings, A-modules, fields, etc.

Functors

Let C and D be categories. A functor F : C → D is

• an assignment on objects:
F : Ob(C)→ Ob(D)

X 7→ F (X)

• an assignment on morphisms: For ∀X, Y ∈ Ob(C) there is a map

HomC → HomD(F (X), F (Y ))
f 7−→F (f)

Satisfying the "compatibility" axioms:

• (Composition) F (g ◦ f) = F (g) ◦ F (f) for all f ∈ HomC(X, Y ), g ∈ HomC(Y, Z).

• (Identity) F (1X) = 1F (X) for all x ∈ Ob(C).

Examples of functors:

(0) Identity functor IdC : C → C.

(1) Forgetful functor. Let C be the category of groups/rings/A-modules... and let D be
the category of sets.

For : C → D

is the functor that forgets the group/ring/module structure of objects of C.
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(2) C be any category, X ∈ C. We can define a functor FX (dependent on X)

FX : C → Sets

via Y 7→ HomC(X, Y ). Precisely, on objects: FX(Y ) = HomC(X, Y ) ∈ Ob(Sets), on
morphisms: Y1

f→ Y2 ⇝ F (f) : HomC(X, Y1)→ HomC(X, Y2) sending [ψ : X → Y1] 7→
[f ◦ ψ : X → Y1 → Y2]

Remark: It makes sense to talk about isomorphic objects in a category C. If f ∈ HomC(X, Y )
has a 2-sided inverse g. In this case f is called an isomorphism.

Bonus: Topological Interlude

We illustrate here that the "categorical point of view" is very helpful via the example of the
Brouwer fixed point theorem.

Theorem 8: Brouwer Fixed Point Theorem

A continuous self-map f : D2 → D2 of the unit disc has a fixed point.

Remark: Fixed point theorems have had great importance in modern mathematics and
beyond. For instance, Nash’s equilibrium theorem (Nobel Prize ’94).

Proof.
Step 1: If it is NOT true, then we can construct a map g : D2 → S1 as follows:

g is the identity when restricting to the boundary of the circle. One can show that g is, in
fact, continuous.
Step 2: We show that there is NO such a map. Our tool here is the the fundamental group;
it is a functor.

π1 : Category of topological spaces→ Grp

sending X → π1(X) and continuous maps to group homomorphisms. Also π1(S
1) =

Z, π1(D2) = 0. Assuming we have a map g as in step 1, we have:
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Applying π1 we get

Z 0 Z

id

But this is not possible hence we have a contradiction.

Lecture 14

Opposite Category

Motivation: In algebraic topology, we consider "cohomology" which is an "assignment":

H i : Topological Spaces→ abelian group

X 7−→ H i(X,Z)

For morphisms:
[X

f→ Y ] 7−→ [H i(X,Z)← H i(Y,Z)].

For any category C, we can construct another category Copp (called the opposite category
of C):

• Ob(Copp) = Ob(C)

• Morphisms: HomCopp(X, Y ) = HomC(Y,X).

• gopp · f := f · g for f ∈ HomCopp(X, Y ) = HomC(Y,X) and g ∈ HomCopp(Y, Z) =
HomC(Z, Y )

So we’re simply reversing the arrows of the category C when considering Copp.
Example:
Recall the functor FX : C → Sets sending Y 7→ HomC(X, Y ). We can construct another
functor F opp

X : C → Setsopp via Y 7→ HomC(Y,X). Since ∀C the categories C and Copp have
the same objects we call a functor F : C → Dopp a contravariant functor F : C → D.
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Adjoint Functors

Let C,D be categories and F : C → D, G : D → C be functors.
F is left adjoint toG, if ∀X ∈ Ob(C), Y ∈ Ob(D), there exists a bijection ηXY : HomD(F (X), Y )

∼→
HomC(X,G(Y )) such that:

(1) For all X,X ′ ∈ Ob(C), Y ∈ Ob(D), X ′ φ→ X, the following diagram commutes:

HomD(F (X), Y ) HomC(X,G(Y ))

HomD(F (X
′), Y ) HomC(X

′, G(Y ))

ηX,Y

?◦F (φ) ?◦φ

ηX′,Y

(2) For all Y, Y ′ ∈ Ob(D), Y ψ→ Y ′, X ∈ Ob(C). the following diagram commutes:

HomD(F (X), Y ) HomC(X,G(Y ))

HomD(F (X), Y ′) HomC(X,G(Y
′))

ηX,Y

ψ◦? G(ψ)◦?

ηX,Y ′

In this case we also say that G is right adjoint to F.
Philosophy: If we start with interesting functors, their adjoint functors are usually interesting.
Sometimes, we can get interesting functors as adjoint functors of boring functors! (There
are many applications in sheaf theory and algebraic geometry).
Examples:

(1) Fix a ring A. Let G := For : A-mod→ Sets.
Claim: G has a left-adjoint functor F given by

F : Sets→ A-mod

I 7→ A⊕I

[I → J ] 7→ [A⊕I → A⊕J ].

proof. Coming soon!

(2) G : Z-mod→ Grp as the natural inclusion.
Claim: G has a left-adjoint functor given by

F : Grp→ Z-mod

G 7→ G/[G,G]

where [G,G] is the commutator.
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Uniqueness

Question: If adjoint functors exist, are they unique?
Answer: Essentially, YES!
In order to make sense of this we need to talk about the notion of "isomorphic functors".
C and D are categories and F,G : C → D are functors. A functor morphism η : F → G
is an assignment:

∀X ∈ Ob(C)⇝ a morphism ηX : F (X)→ G(X).

Such that ∀X, Y ∈ Ob(C), ∀f ∈ HomC(X, Y ) the following diagram commutes:

F (X) F (Y )

G(X) G(Y )

F (f)

ηX ηY

G(f)

Proposition

(a) Identity morphism is a morphism of any functor.

(b) Transitivity: τ : G→ H, η : F → G⇝ τ ◦ η : F → H.

F,G : C → D are isomorphic functors if there exists functor morphisms f : F → G, g :
G→ F such that g ◦ f = idF , f ◦ g = idG.

Theorem 9

The left or right adjoint functor to a given functor, if it exists, is unique up to functor
isomorphisms.

We will need to make use of the Yoneda lemma in order to prove this result.

Theorem 10: Yoneda Lemma

C is a category, X ∈ Ob(C) is fixed. Recall that FX : C → Sets, Y 7→ HomC(X, Y ).
Assume F : C → Sets is any functor. Then HomFun(FX , F ) is naturally bijective with
F (X).
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Lecture 15

More on Functors

Recall that for two categories C and D, a functor i an "assignment" F : C → D on objects
together with arrows:

• X ∈ Ob(C)⇝ F (X) ∈ Ob(D)

• [X
f→ Y ] in C ⇝ [F (X)

F (f)→ F (Y )] in D.

An important class of functors that we are interested in when we study modules is that of
additive functors.
A functor F : A-mod → B-mod is additive if ∀M,N ∈ Ob(A-mod), HomA(M,N) →
HomA(F (M), F (N)) is a group homomorphism.
Additive contravariant functors A-mod → B-mod are additive functors A-modopp →
B-modopp.
Examples:

(1) X ∈ Ob(C), we have introduced the functor FX = HomC(X,−) : C → Sets. Now, if
C = A-mod,M ∈ Ob(C), then FM := HomA(M,−) : A-mod → Sets can be promoted
to an additive functor

F̃M := HomA(M,−) : A-mod→ A-mod.

This means FM = For ◦ F̃M .

A-mod Sets

A-mod
F̃M

FM

For

Exercise: Check the claim above.
Hint: In order to show that F̃M defined above is a functor one needs to prove:

– ∀A-modN, F̃M(N) is an A-module.

– ∀ψ ∈ HomA(N,N
′), F̃M(ψ) is A-linear.

– The map ψ 7→ FM(ψ) is a group homomorphism

HomA(N,N
′)→ HomA(F̃M(N), F̃M(N ′)).

(2) Similarly, ∀N ∈ Ob(A-mod) we have

F̃ opp
N := HomA(·, N) : A-modopp → A-mod

is an additive functor.
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(3) A further generalization:

ρ : A→ B - a ring homomorphism.

Then for fixed M ∈ Ob(B-mod),

HomA(M,−) : A-mod→ B-mod

is an additive functor.

(4) Localization vs additive functors.
S ⊂ A is an MC subset. Localization provides a natural functor:

A-mod→ AS-mod
M 7→MS

[M → N ] 7→ [MS → NS]

Claim: This is an additive functor.

Tensor Product

In linear algebra for two k-vector spaces V1, V2 we can talk about their tensor product V1⊗V2.
If {ei}i∈I and {ej}j∈J are bases for V1 and V2, respectively, then V1 ⊗ V2 is a vector space
with a basis given by ei ⊗ fj. We want to provide a general construction of tensor product
for A-modules from the point of view of categories and functors.
Fix a ring A. Let M1,M2 ∈ Ob(A-mod). We generalize FM := HomA(M,−) to

HomM1,M2 := BilinA(M1 ×M2,−) : A-mod→ Sets

FM1,M2(N) = {A-bilinear maps M1 ×M2 → N}

Remark: ψ : M1 ×M2 → N is an A-bilinear map, if it is A-linear on both factors M1 and
M2.
Question: Is BilinA(M1 ×M2,−) essentially a new functor?
Answer: No. It is isomorphic to HomA(⋆,−) : A-mod→ Sets where ⋆ is some A-module. ⋆ ∈
Ob(A-mod) dependent on M1 and M2, will be the tensor product M1 ⊗AM2 ∈ Ob(A-mod).
If M1,M2 ∈ Ob(A-mod) we define the tensor product of M1,M2 is an A-module, denoted
by M1 ⊗AM2 with a bilinear map

M1× →M1 ⊗AM2 via (m1,m2) 7→ m1 ⊗m2

such that For all N ∈ Ob(A-mod) and for all A-bilinear map β :M1 ×M2 → N there exists
a unique A-linear map

β̃ :M1 ⊗M2 → N

satisfying that β(m1,m2) = β̃(m1 ⊗m2).
The universal property used to define the tensor product above is summarized in the diagram:
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(m1,m2) M1 ×M2

m1 ⊗m2 M1 ⊗AM2 N

β

β̃

Claim: The object M1 ⊗AM2 ∈ Ob(A-mod), if exists, is unique up to isomorphism.

Proof. If there is another A-mod, M1⊗′
AM2, satisfies the above properties then there exists

a unique linear map M1 ⊗′
A M2 → M1 ⊗A M2. This map is an isomorphism of A-modules

since its inverse is given by the universal property of M1 ⊗aM2.

Remark: If the tensor product M1 ⊗AM2 exists, then the universal property shows that we
have an isomorphism of functors: Hom(M1 ⊗AM2,−) = BilinA(M1,M2) : A-mod→ Sets

Theorem 11

Tensor product exists for every M1,M2 ∈ Ob(A-mod).

Bonus

In modern mathematics and physics categories and functors serve as the fundamental lan-
guage for describing several phenomena. For example, in his 1994 ICM (International
Congress of Mathematics) talk, Maxim Kontsevich formulated the "mirror symmetry" in
physics as an equivalence of two categories which encode different geometric structures.

Lecture 16

Construction of Tensor Product

We will prove the theorem stated above.
Step 1: If one of the modules is free: M1 = A⊕I ,M2 = M then A⊕I ⊗A M exists and is
isomorphic to M⊕I and the natural A-bilinear map is: A⊕I ×M →M⊕I via ((ai)i∈I ,m) 7→
(aim)i∈I .
Proof of Step 1. First we’ll show that for every A-bilinear map β : A⊕I ×M → N there
exists a unique A-linear map β̃ : M⊕I → N such that β((ai),m) = β̃(aim)). For given β
above, we define A-linear map βi :M → N via m 7→ β(eim).

A⊕I ×M

M⊕I N

β⊗

β̃

Then define β̃ : M⊕I → N via (mi)i∈I 7→
∑

i∈I βi(mi). We can check that β̃((aim)i∈I) =
β((ai)i∈I ,m).
Step 2: Assume for M ′

1,M2 ∈ Ob(A-mod), M ′
1⊗AM2 exists. Then for any M1 ∈ Ob(A-mod)
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with surjective A-linear M ′
1

π1
↠ M1 we can conclude that M1 ⊗A M2 exists as well. More

precisely, write M1 ≃ M ′
1/K1 where K1 = ker(π1). We can define K ⊂ M ′

1 ⊗AM2 to be the
sub-module spanned by k1 ⊗m2 with k1 ∈ K1 and m2 ∈M2.
Claim: M ′

1 ⊗M2/K is the tensor product of M1 ⊗AM2.
Proof of the Claim: Coming soon!
Step 3: Step 1+ Step 2⇒ Theorem: ∀M1,M2 find A⊕I ↠ M1 then A⊕I ⊗A M2 gives
M1 ⊗AM2.

Examples: A = Q[x, y], I = (x, y)

(1) A⊗A I = I from step 1.

(2) I ⊗A I =?
We first write I as a quotient using the map π1 : A⊕2 → I via (a, b) 7→ (ax + by).
K1 = {(a, b) ∈ A⊕2|ax = −by}. A is a UFD, ax = −by implies a = gy, b = −gx for
g ∈ A. We have K1 = SpanA((y,−x)) = A(y,−x) ⊆ A⊕2. calculation in the notes

Lemma

If M1 = SpanA(mi|i ∈ I) and M2 = SpanA(nj|j ∈ J), then M1 ⊗A M2 is spanned by
mi ⊗ nj.

Lecture 17

Properties of Tensor Product

Proposition

If M ∈ Ob(A-mod), then −⊗AM : A-mod→ A-mod via N 7→ N ⊗AM is an additive
functor.

Proof. Soon

For φ1 : M ′
1 → M1, φ2 : M ′

2 → M2 there is an A-homomorphism φ1 ⊗ φ2 : M ′
1 ⊗A M ′

2 →
M1 ⊗AM2 via m′

1 ⊗m′
2 7→ φ1(m

′
1)⊗ φ2(m

′
2).

General fact: HomA(M
′
1,M1)×HomA(M

′
2,M2)→ HomA(M

′
1⊗AM ′

2,M1⊗AM2) via (φ1, φ2) 7→
φ1 ⊗ φ2.
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Theorem 12

M1,M2,M3 ∈ Ob(A-mod)

(1) (Associativity) There exists a unique isomorphism (M1⊗AM2)⊗AM3 →M1⊗A
(M2 ⊗AM3) satisfying (m1 ⊗m2)⊗m3 7→ m1 ⊗ (m2 ⊗m3).

(2) (Commutativity) There exists a unique isomorphism M1 ⊗A M2
∼→ M2 ⊗A M1

satisfying m1 ⊗m2 7→ m2 ⊗m1.

(3) (Distributivity) There exists a unique isomorphism M1⊗A (M2⊕M3)
∼→M1⊗A

M2 ⊕M1 ⊗AM3 satisfying m1 ⊗ (m2,m3) 7→ (m1 ⊗m2,m1 ⊗m3).

(4) (Identity element) There exists a unique isomorphism A ⊗A M
∼→ M satisfying

a⊗m 7→ am.

Proof.

(1) We fist need to construct an A-linear map:

β̃ : (M1 ⊗AM2)⊗AM3 →M1 ⊗A (M2 ⊗AM3)

sending (m1 ⊗m2)⊗m3 7→ m1 ⊗ (m2 ⊗m3). We also want a bilinear map

β : (M1 ⊗AM2)×M3 →M1 ⊗A (M2 ⊗AM3)

sending (m1 ⊗m2,m3) 7→ m1 ⊗ (m2 ⊗m3). To construct this, fix m3 ∈M3 and get an
A-linear map M2 →M2 ⊗AM3 via m2 7→ m2 ⊗m3.
Define βm3 : M1 ⊗A M2 → M1 ⊗A (M2 ⊗A M3) as the map induced by id : M1 → M1

and M2 → M2 ⊗A M3 above. Note that βm3 depends A-linearly on m3. We now get
the bilinear map β(x,m3) := βm3(x).

(2) Problem Set

(3) Problem Set

Application: New Functors from A-mod to B-mod

For this section, fix ρ : A → B to be a ring homomorphism. As we have seen before, any
B-module can be viewed as an A-module. This induces a functor from B-mod to A-mod.
How could we get B-modules from A-modules?
Setup: LB ∈ Ob(B-mod). For all MA ∈ Ob(A-mod) we can consider

LB ⊗AMA ∈ Ob(A-mod).

Note that we’re viewing LB as an A-module.
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Proposition

There exists a unique B-module structure on LB ⊗AMA which recovers its A-module
structure and satisfies b ·B (l⊗m) = bl⊗m on generators with b ∈ B, l ∈ LB,m ∈MA

Proof. We first construct the B-action B × (LB ⊗AMA)→ LB ⊗AMA. For b ∈ B we have
φb : L

B → LB via l 7→ lb is an A-linear map (via ρ : A→ B).

b×− : LB ⊗AMA → LB ⊗AMA

given by φb ⊗ idMA . Check associativity and distributivity on generators to show that this
is a B-module structure on LB ⊗AMA.
Finally checking uniqueness finishes the proof.

Hence for a ring homomorphism ρ : A→ B and LB ∈ Ob(B-mod) we have a functor

LB ⊗A − : A-mod→ B-mod.

Adjoint Functors

Again, let ρ : A→ B be a ring homomorphism. Fix LB ∈ Ob(B-mod). We have two functors:

A-mod B-mod

−⊗AL
B

HomB(LB ,−)

More precisely HomB(L
B,−) : B-mod → B-mod is the composition of HomB(L

B,−) :
B-mod→ B-mod with the forgetful functor B-mod→ A-mod via ρ : A→ B.

Theorem 13

Lb ⊗A − is the left adjoint to HomB(L
B,−).

The theorem says that for any A-module MA and any B-module NB, we want to construct a
bijection ηM,N : HomB(L

B⊗AMA, NB)
∼→ HomA(M

A,HomB(L
B, NB)) which satisfies some

natural conditions on MA and NB.
Exercise: Think about what this means for vector spaces.

Lecture 18

Three Faces of Tensor Product

• 1st face: Universal property

BilinA(M ×N,−) = HomA(M ⊗A N,−)
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• 2nd face: Computational perspective

π : A⊕I →M ⇝M ⊗A N =
A⊕I ⊗N

SpanA(k ⊗ n|k ∈ ker(π), n ∈ N)

• 3rd face: left adjoint functor to Hom(L,−) (i.e. HomA(M⊗L,N) = HomA(M,HomA(L,N)))
We generalize this to a relative setting ρ : A→ B

We want to prove that LB ⊗A − is left adjoint to HomB(L
B.−). More precisely, for any

A-module MA and any B-module NB we want to construct a bijection ηM,N : HomB(L
B ⊗A

MA, NB)
∼→ HomA(M

A,HomB(L
B, NB)) which satisfies some natural conditions on MA

and NB. The idea is that both sets above will be naturally identified with a third set:
BilinB,A(LB×MA, NB) := {β : LB×MA → NB|B-linear in the first factor, A-linear in the second factor}.
We will now prove the theorem.

Proof.
Bijection 1: η′M,N : HomB(L

B⊗AMA, NB)
∼→ BilinB,A(LB×MA, NB). The way we construct

this is the following:
β ∈ BilinB,A(LB×MA, NB)⇝ β ∈ BilinA(LB×MA, NB) ⇐⇒ β̃ ∈ HomA(L

B⊗AMA, NB).

We need to show that β̃ is B-linear. Rest of the proof online.

A special Case

Given a ring homomorphism ρ : A → B as above. B ⊗A − : A-mod → B-mod is left
adjoint to For : B-mod→ A-mod. (For example C⊗R − : R-vector space→ C-vector space,
complexification in linear algebra). The functor B ⊗A − is usually called base change.

Tensor Product and Rings

For a fixed ring homomorphism ρ : A→ B we say that B is an A-algebra
Roughly speaking, an A-algebra is an A-module with compatible ring structure. A morphism

between twoA-algebrasB and C is a ring homomorphismB → C with
B C

A

ρB

ρC

Remark: Different homomorphisms ρ : A→ B endow B different A-algebra structures.
Say A,B,C are rings and B,C are A-algebras, then we consider B ⊗A C.

Proposition

There exists a unique A-algebra structure on B ⊗A C such that (b1 ⊗ c1)(b2 ⊗ c2) =
b1b2 ⊗ c1c2

Proof. Since b⊗c for b ∈ B, c ∈ C span B⊗AC, uniqueness will follow from existence. Since
B is an A-algebra we have that B ×B → B via (b1, b2) 7→ b1b2 is an A-bilinear map. Hence
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there exists some µB : B ⊗A B → B via b1 ⊗ b2 7→ b1b2 and similarly µC : C ⊗A C → C
via c1 ⊗ c2 7→ c1c2. Combining the two, we get µB ⊗ µC : (B ⊗A B) ⊗A (C ⊗A C) →
B ⊗A C. THe desired morphism (B ⊗A C)× (B ⊗A C)→ B ⊗A C is induced by the tensor
product (B ⊗A C) ⊗A (B ⊗A C) → B ⊗A C given above and the natural isomorphism
(B ⊗A B)⊗A (C ⊗A C) ≃ (B ⊗A C)⊗ (B ⊗A C).

Appendix

We may talk about product and coproduct for objects in a category C via universal properties.

• X1, X2 ∈ Ob(C), we say that X (usually denoted by X1×X2) is the product of X1, x2
if the functor

F opp
X1
× F opp

X2
: C
Y
→
7−→

Sets
Hom(Y,X1)×Hom(Y,X2)

is isomorphic (as a functor) to

F opp
X : C

Y
→
7−→

Sets
Hom(Y,X)

.

• Coproduct (X1 ∗ X2) = product in Copp. That is, an object X1 ∗ X2 ∈ C such that
HomC(X1 ∗X2,−) ≃ HomC(X1,−)× HomC(X2,−).

Theorem 14

B,C are A-algebras. B ⊗A C is the coproduct of B and C in the category of A-
algebras. That is, the functors HomA−alg(B,−)×HomA−alg(C,−) : A-alg→ Sets and
HomA−alg(B ⊗A C,−) : A-alg→ Sets are isomorphic as functors.

Lecture 19

Exactness of Functors

In modern mathematics, "exactness" plays a crucial role. The key notion of "cohomology"
is to measure the failure of exactness of certain functors.
We work with categories of A-modules. Consider a sequence of A-modules:

• M0
φ0→M1

φ1→M2 → ...
φk−1→ Mk (⋆)

• Mi ∈ Ob(A-mod and φi ∈ HomA(Mi,Mi+1).

• We say that the sequence (⋆) is exact if Im(φi−1) = ker(φi).

• We call an exact sequence of the shape

0→M1
φ1→M2

φ2→M3 → 0

a short exact sequence (SES).

33



In particular, the SES definition says that φ1 is injective, φ2 is surjective, and Im(φ1) =
ker(φ2).
Construction/Example of SES:
Take N ⊂M a sub-module. Then we obtain the SES:

0→ N →M →M/N → 0.

In general, we are interested in how an additive functor interacts with SES.
Let F : A-mod→ B-mod be an additive functor.

• We say that F is left exact if, for all SES

0→M1
φ1→M2

φ2→M3 → 0 ∈ Ob(A-mod)

the sequence
0→ F (M1)

F (φ1)→ F (M2)
F (φ2)→ F (M3)

is exact

• Similarly, we say F is right exact if for all SES

0→M1
φ1→M2

φ2→M3 → 0 ∈ Ob(A-mod)

the sequence
F (M1)

F (φ1)→ F (M2)
F (φ2)→ F (M3)→ 0

is exact.

• We say that F : A-mod→ B-mod is exact, if it is both right and left exact.

We’re lucky as many natural functors are left/right exact. These are the most interesting
functors!

Examples (Localization, Tensor, and Hom)

The Localization Functor

Let S ⊂ A be a MC subset. Localization provides us an assignment M ∈ Ob(A-mod ⇝
Ms ∈ Ob(AS-mod) which is actually a functor.

Proposition

(−)s is an exact functor.

Proof. By lecture 13 we have that φ : M → N ⇝ φS : MS → NS satisfies Im(φS) =

Im(φ)S, ker(φS) = ker(φ)S. Now take a SES 0 → M
φ1→ N

φ2→ Q → 0. Note that since φ1 is
injective we get φ1, s is injective. Similarly, φ2 surjective implies that φ2,s is surjective. We
also know that Im(φ1) = ker(φ2) implies Im(φ1,s) = ker(φ2,s).
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Tensor Product is Right Exact

Pick L ∈ Ob(A-mod) then we have the functor −⊗A L : A-mod→ A-mod.

Proposition

−⊗A L is right exact.

Proof. Take a short exact sequence 0→M
f→ N

g→ Q→ 0 in Ob(A-mod). We want to show
that M⊗AL

f⊗idL→ N⊗AL
g⊗idL→ Q⊗AL→ 0 is exact. Since g is surjective we have that g⊗idL

is surjective (all generators lie in its image). We need to show that ker(g⊗idL) = Im(f⊗idL).
Recall: in the construction of tensor product (Lecture 16) we have shown that for N

g
↠ Q

surjective with kernel M , we have:

Q⊗A L = N ⊗A L/SpanA(m⊗ l;m ∈M, l ∈ L).

In particular, ker(g ⊗ idL) = ker[N ⊗A L → N ⊗A L/SpanA(m ⊗ l;m ∈ M, l ∈ L)] =
SpanA(m⊗ l;m ∈M, l ∈ L) = Im(f ⊗ idL :M ⊗A L→ N ⊗A L).

Remark: From homework, we see that in general − ⊗A L is NOT exact. For example we
take 0→ I → A→ A/I → 0. −⊗A L is right exact however we know that A⊗A L ≃ L and
(A/I) ⊗A L ≃ L/IL thus A ⊗A L → (A/I) ⊗A L is the quotient map L ↠ L/IL but this
would require an injective map I ⊗A L→ A⊗A L which is not always possible.

The Hom Functor is Left Exact

Setup: L ∈ Ob(A-mod), HomA(L,−) : A-mod→ A-mod.

Proposition

The HomA(L,−) functor is left exact.

Proof. Pick a short exact sequence 0→M
f→ N

g→ Q→ 0. We want: 0→ HomA(L,M)
f◦?→

HomA(L,N)
g◦?→ HomA(L,Q) is exact.

By homework 3 problem 1, we have that f is injective implies that HomA(L,M)
f◦?→ HomA(L,N)

is injective. We need to check that Im(f◦?) = ker(g◦?). Equivalently this is to check that:
for ψ ∈ HomA(L,N), the following are equivalent:

(a) g ◦ ψ = 0 ∈ HomA(L,Q)

(b) ψ = f ◦ ψ′ for some ψ′ ∈ HomA(L,M)

(b)⇒ (a) is obvious since for ψ = f ◦ ψ′ we have g ◦ ψ = g ◦ f
=0
◦ ψ′ = 0.

(a)⇒ (b) we have g ◦ψ = 0 ⇐⇒ Im(ψ) ⊆ ker(g) = Im(f) ≃M so we can view ψ as a map
L→M.
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Remark: Problem 1 (2) in homework 3 shows that HomA(L,−) may not be exact.
Variant:

Proposition

HomA(−, L) : A-modopp → A-mod is left exact.

Proof. Take a short exact sequence 0→ M
f→ N

g→ Q→ 0. We want: 0→ HomA(Q,L)
?◦g→

HomA(N,L)
?◦f→ HomA(M,L) is exact. The rest of the proof follows is "symmetric" to that

of the previous proposition.

Lecture 20

Projective and Flat Modules

The failure of ⊗ and Hom to be exact functors gives rise to flat and projective modules.

• For P ∈ Ob(A-mod), we say that P is projective if HomA(P,−) : A-mod → A-mod
is exact.

• For L ∈ Ob(A-mod), we say that L is flat if L⊗A − : A-mod→ A-mod is exact.

Trivial example: A (as anA-module) is both projective and flat sinceA⊗AM ≃M,HomA(A,M) ≃
M.
Question: More interesting examples? Before answering this, we need to develop a little
more theory.

Basic Properties of Left/Right Exact Functors

Lemma

Let F : A-mod→ B-mod be left exact. Then

(i) F sends injections to injections.

(ii) F sends left exact sequences to left exact sequences.

(iii) F is exact ⇐⇒ F sends surjections to surjections.

Proof.

(i) Obvious

(iii) Trivial
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(ii)

We can formulate the analog of the previous lemma for right exact functors.

An Interesting Class of Flat Modules

Theorem 15

Let S ⊂ A be an MC subset. AS is an A-module/A-algebra. The two functors are
isomorphic:

• (−)S : A-mod→ AS-mod

• −⊗A AS : A-mod→ A-mod

Proof. It suffices to show that both functors are left adjoint to the forgetful functor

For : AS-mod→ A-mod

• For −⊗A AS, this is given by Lecture 18.

• For (−)S, this follows from the following fact: ∀N ′ ∈ Ob(AS-mod), ∀M ∈ Ob(A-mod)
there is a natural isomorphism HomAS

(MS, N
′)

∼→ HomA(M,N ′). Construction:

[φ :MS → N ′] 7−→ [M
ιM→MS

φ→ N ′]

[MS
ψs→ N ′

S = N ′] [M
ψ→ N ′].

Corollary

For any MC subset S ⊂ A AS is a flat A-module.

Projective Modules

Proposition

For any free module A⊕I is a projective A-module.

Proof. Note that for anyM ∈ Ob(A-mod) there is a natural isomorphism. HomA(A
⊕I ,M)

∼→
M×I via [φ : A⊕I → M ] 7→ (φ(ei))i∈I so the functors HomA(A

⊕I ,−) and (−)×I are isomor-
phic. Take a surjection M ↠ N. We want to show that HomA(A

⊕I ,M) → HomA(A
⊕I , N)

is surjective. This is equivalent to M×I φ
×I

→ N×I is surjective, which follows from the surjec-
tivity of φ.
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Theorem 16

Take P ∈ Ob(A-mod). The following are equivalent:

(1) P is a projective A-module.

(2) For any surjective π : M ↠ P of A-modules there exists ι : P → M such that
π ◦ ι = idP

(3) There exists an A-module P ′ such that P ⊕ P ′ is a free A-module.

Proof. (1) ⇒ (2). If M ↠ P is surjective then by the lemma above HomA(P,M)
π◦?
↠

HomA(P, P ) is surjective. We get that idP ∈ HomA(P, P ) can we written as π ◦ ι with
ι ∈ HomA(P,M).

(2)⇒ (3). Pick a set of generators of P , so that we have A⊕I π
↠ P (surjective). By (2), we

have ι : P → A⊕I with π ◦ ι = idP therefore ι is injective and A⊕I ≃ ker(π)⊕ P.
(3)⇒ (1). By the proposition above we know that P ◦ P ′ ≃ A⊕I is projective.
Claim: Let P1, P2 be A-modules. The following are equivalent:

(a) P1 and P2 are both projective.

(b) P1 ⊕ P2 is projective.

Proof of Claim: We can check that the two functors are isomorphic: HomA(P1,−) ×
HomA(P2,−) : A-mod → A-mod and HomA(P1 ⊕ P2,−) : A-mod → A-mod. Using this,
for any surjection M f→M we have the commutative diagram

HomA(P1 ⊕ P2,M) ≃ HomA(P1,M)× HomA(P2,M)

HomA(P1 ⊕ P2,M
′) ≃ HomA(P1,M

′)× HomA(P2,M
′)

f◦? (f◦?,f◦?′)

(b) ⇐⇒ right vertical arrow is surjective for every surjective f.
(a) ⇐⇒ left vertical arrow is surjective for every

More on Flat Modules

Proposition

(1) A⊕I is flat

(2) Projective modules are flat.

Proof. Soon/pset9
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Lecture 21

Projective Modules over Local Rings

Recall from pset 6, problem 2 that a ring A is called a local ring if it has a unique maximal
ideal m ⊂ A. Examples of local rings are provided by localizations at prime ideals AS where
S = A \ p where p is a prime ideal

Theorem 17

If A is a local ring and P is a finitely generated A-module, then P is free.

Proof.
Step 1: We first establish Nakayama’s Lemma.

Lemma

Let (A,m) be a local ring and M be a finitely-generated A-module. If the submodule
mM ⊆M coincides with M, then M = 0.

Proof. Pick m1,m2, ...,mk generators of M. Note that M = mM ⇐⇒ ∃aij ∈ m (i, j =

1, 2, ..., k) such that mi =
k∑
j=1

aijmj. We can write this as a matrix equation:

[Idk −R]


m1

m2
...
mk

 = 0

where R = (aij) ∈ Matk(m). Multiplying to the left by the adjoint matrix R′ (that is,
R′ ·R = det(R)Idk) we get that

det(Idk −R) ·mi = 0 ∀i ∈ {1, 2, ..., k}

Therefore
det(Idk −R) ·m = 0 ∀m ∈M.

Now we note that det(Idk − R) = 1 − r with r ∈ m which has to be a unit since m is the
only maximal ideal in A. Hence M = 0.

Step 2: We consider P/mP as a (A/m)-vector space. Since P is finitely generated, P/mP
is a finite dimensional vector space. We pick an (A/m)-linear isomorphism:

θ : (A/m)⊕l
∼→ P/mP.
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This, combined with
A⊕l ↠ (A/m)⊕l

induces a morphism A⊕l φ
↠ P/mP. Since A⊕l is a projective A-module, we know that φ

can be lifted to φ̃ : A⊕l → P as in the commutative diagram:
P P/mP

A⊕l

φ

∃φ̃

Step 3: We apply the Nakayama lemma. We have obtained an A-linear map φ̃ : A⊕l → P
with l = dim(P/mP ) as an (A/m)-vector space.
Claim 1: φ̃ is a surjection.
In fact, φ̃ induces the isomorphism (A/m)⊕l

θ→ P/mP. Hence claim 1 follows from the
general lemma:

Lemma

Let (A,m) be a local ring and M and N be A-modules. If f : M → N induces a
surjection f :M/mM → N/mN , then f is a surjection too.

Proof. Homework 10

Claim 2: φ̃ is also an injection.
In fact, we write 0→ K → A⊕l φ̃→ P → 0 with K = ker(φ̃). Since P is projective, by Lecture
20 we have A⊕l ≃ P ⊕K. Therefore using the "modulo m" trick we obtain

(A/m)⊕l ≃ (P/mP )⊕ (K/mK)

as (A/m)-vector spaces. Therefore K/mK = 0 (since dim(P/mP ) = l) and so mK = K
which, by Nakayama’s lemma, implies that K = 0.

Algebraic Subsets

We now take an algebraic geometry tangent.
Remark: For this part, we will work with the field of complex numbers C. However, we note
that most of the theory actually works for an arbitrary algebraically closed field.
Set: A = C[X1, X2, ..., Xn]. For any ideal I ⊂ A, we can consider the "vanishing set" of I:

• V (I) := {(t1, t2, .., tn) ∈ Cn|f(t1, ..., tn) = 0 for any f ∈ I}

• V (I) is naturally a subset of Cn.

A subset S ⊂ Cn is called an algebraic subset if S = V (I) for some ideal I.
Examples:

• Cn is an algebraic subset of Cn, since it is V (0). Similarly, ∅ ⊂ Cn is an algebraic
subset since it is V (1).
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• Any finite set {p1, p2, ..., pk} ⊆ C1 is algebraic, since it is V ((x− p1)(x− p2)...(x− pk)).

• Any infinite set in C1 is NOT algebraic.

The examples above provide a complete description of algebraic subsets in C1. They are
∅,C1, and finite subsets.
For n ≥ 2 the structure of algebraic subsets is more complicated. The complexity of algebraic
subsets is almost the same as the complexity of ideals in A = C[X1, X2, ..., Xn]. Before moving
on, we note:

Proposition

Every algebraic subset of Cn is of the shape V (f1, f2, ..., fk).

Proof. By the Hilbert Basis Theorem, the ring A is Noetherian. Hence every ideal is gener-
ated by finitely many elements.

Remark: v(f1, ..., fk) is the same as the set {p ∈ Cn| f1(p) = f2(p) = ... = fk(p) = 0}.
We will now consider the correspondence

Algebraic subsets
geometry

←→ ideals
algebra

From an ideal I ⊂ A, we can get an algebraic subset V (I).
From an algebraic subset S ⊂ Cn, we can get an ideal

I(S) = {f ∈ A|f(p) = 0 ∀p ∈ S}.

If we start with S = V (I) then I(V (I)) ⊂ A may not be the original ideal I! For example
I = (x2) ⊂ C[x] but I(V (I)) = (x) ⊂ C[x]. The Hilbert Nullstellensatz makes this relation
precise.

Theorem 18: Hilbert Nullstellensatz

I(V (I)) =
√
I

Lecture 22

Hilbert Nullstellensatz

In this section we give a proof to the Hilbert Nullstellensatz stated last time.
It is clear that

√
I ⊂ I(V (I)) If f ∈

√
I then fn ∈ I hence fn|V (I) = 0 thus f |V (I) = 0. It

suffices to show that I(V (I)) ⊆
√
I. That is, if f |V (I) = 0, then fN ∈ I. We will reduce this

to a purely algebraic theorem.
We say that a ring B is a finitely generated A-algebra, if ∃n > 0, and a surjective ring
homomorphism A[x1, x2, ..., xn]↠ B
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Remark: Obviously B is an A-algebra by A ↪→ A[x1, ..., xn]↠ B.
A finitely generated A-algebra may not be a finitely generated module.

Theorem 19

Assume L/K is a field extension with K an infinite field. If L is a finitely generated
K-algebra, then L/K is a finite extension.

Proof of Nullstellensatz. We will assume the theorem above and show that the Hilbert Null-
stellensatz follows.
Step 1:
Claim: If I ⊆ A is an ideal such that I ̸= A, then V (I) ̸= ∅.

Proof. Proof of Claim For I ⊆ I ′, we have V (I) ⊇ V (I ′). Therefore, it suffices to prove the
claim for maximal ideals on C[x1, x2, ..., xn]. Set L := C[x1, ..., xn]/m (it is a field since m is
maximal)

C C[x1, ..., xn] C[x1, ..., xn]/m = L

C is a subfield of L

By the theorem above L/C is a finite extension. Hence L = C (C is algebraically closed!)
Therefore, ∀i ∈ {1, 2, ..., n} ∃ai ∈ C such that

C
ai

∼−→
7−→

C[x1, ..., xn]/m
xi

So m contains xi− ai ∈ C[x1, ..., xn] ∀i = 1, ..., n. Hence (x1− a1, ..., xn− an) ⊆ m. However,
(x1 − a1, ..., xn − an) is already a maximal ideal thus m = (x1 − a1, ..., xn − an) and V (m) =
(a1, ..., an) ∈ Cn is a single point.

Step 2:
Claim 2: Claim 1 implies the Nullstellensatz.

Proof. By the Hilbert Basis Theorem assume I = (f1, f2, ..., fr). We want to prove: if
g|V (f1,...,fr) = 0, then ∃N > 0 such that gN ∈ SpanA(f1, f2, ..., fr). Trick: We consider a new
ideal J in A[y] = C[x1, ..., xn, y], J = (f1, f2, ..., fr, gy − 1) ⊆ A[y]. We look at V (J) ⊆ Cn+1.
Claim: V (J) = ∅.
Reason: g vanishes at where f1, ..., fr all vanish. Therefore it is impossible that f1, ..., fr
and gy − 1 vanish simultaneously. In particular, we know from step 1 that J = A[y] thus

1 ∈ A[y] is an A[y]-linear combination of f1, ..., fr, gy − 1. So 1 =
r∑
i=1

rifi + u(gy − 1) which

is an identity in the polynomial ring A[y] = C[x1, ..., xn, y]. Therefore it is really a match of

coefficients of monomials. We set y =
1

g
and get 1 =

r∑
i=1

ri(x1, .., xr,
1

g
)fi in C(x1, ..., xr)).

Multiplied by a large power of g we get that some power of g lies in (f1, ..., fr).
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Integral Elements

We do some preparation for proving the theorem from the previous section. Setup: Let
A ⊂ B be a subring, B is an integral domain. B is an A-algebra A←↩ B.
We say that b ∈ B is integral over A if ∃f ∈ A[x] with leading coefficient 1, such that
f(b) = 0.

Theorem 20

Let A ⊆ B as before. The following are equivalent:

(a) b ∈ B is integral over A.

(b) A[b] ⊆ is a finitely generated A-module.

(c) There exists a subring B′ ⊆ B containing A[b], which is a finitely generated
A-module.

Corollary

A ⊆ B as before. {Integral elements in B over A} ⊂ B is a subring.

Proof. soon!

Lecture 23
Hilbert Nullstellensatz for I ⊆ C[x1, ..., xn] gives I(V (I)) =

√
I. Last time we reduced Hilbert

Nullstellensatz to Zariski’s Lemma.

Theorem 21: Zariski’s Lemma

Let L/K be a field extension with K an infinite field. L is a finitely generated K-
algebra (K[x1, ..., xm]↠ L ring surjetion). Then L/K is a finite extension.

Proof. We can write L = K[v1, v2, ..., vn] where vi ∈ L. We do induction on n.

n = 1. Then K[x]
h
↠ K[v] = L via x 7→ v therefore L = K[x]/ ker(h) = K[x]/(f).

Since L is a field, f ̸= 0. Therefore, v is integral over K hence L = K[v] is a finitely generated
K-module.
Now assume the result holds for n. We want to show it for

L = K[v1, v2, ..., vn+1]
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Note that L is a field, so
L = K(v1)[v2, v3, ..., vn+1]

We can apply the inductive hypothesis to obtain that L/K(v1) is a finite extension.

• If v1 is algebraic over K, then K(v1)/K is also a finite extension. So L/K is a finite
extension.

• If v1 is NOT algebraic over K, then K(v1) ≃ K(x) (= FracK[x]). This is impossible
(left as exercise to the reader)
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